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Exponential families

p(x|n) = exp(n' T(x) — a(n))

1 = natural parameter. T'(x) = sufficient statistic. a(n) = log partition.
E[T(x)] = Vya(n).

Poisson: p(z|n) = 2! L exp(nz — exp(n))

Gamma: p(z|a, B) = 2z~ Lexp(alog(z) — Bz — logI'(a) — arlog B)

To be more flexible, propose deep exponential families (DEF).
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Deep exponential families [Ranganath et al., 2015]

Zn,L.k
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Zntk
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For each observation x,,, L layers of hidden
variables {2z, 1,...,2n 1}

K-dimensional z,, 0 = (zn01,- - -, znﬁg,Kl)T
L — 1 layers of weights {W,... ., Wr_1}.

W, = (w&l, .. ,wg,Kl) € REw 13Ky,
Prior p(W).

Dropping subscript n:

p(zek | zer1,we ) = ExpFamy(ge(z/ 1 we ).

Link function gy : zzﬂwg’k > natural param.
Likelihood p(xy, i | 2n,1)-

Sigmoid belief net = Bernoulli layers + identity
link function
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Va and non-linearity

m Expected sufficient statistics = gradient of the log parition
E[T(Zé,k)] = vm,ka(g@(szJrlwé,k))a
where 7, := gg(zé;l'wg,k).

Wek

>ge N BT (o)

Zn 0+1

m Consider g¢(x) =z and T'(2 ) = 21
m Then E[z; ] = linear function of wy  tranformed by V,,  a(-).

m This is one source of non-linearity.
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Inference with mean field

m Log partition function a intractable.
m NN observations. Mean field approximation:
L N
q(z,W) = qWo) [TaW) T a(zn0),
=1 n=1

and ¢(W}),q(zy,) fully factorized.

m Maximize evidence lower bound (ELBO)

L(q) = Eyzw) llog p(x, 2, W) —log q(2, W)] < log p(X).

q(W | &) in the same family as p(W).
q(Znik | Anik) = ExpFamy (2,0 | Ani k), same family as p.

Eq(.,w)[ - -] will not have a simple analytic form.

Use blackbox variational inference (BBVI).
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Blackbox variational inference (BBVI) [Ranganath et al., 2013]

Stochastic optimization. Follow noisy unbiased gradients.
Gradient:

v)\n’g,k[’(Q) = v)\n’g,qu(z,W) [10gp(l‘7 2, W) - IOg Q(Z7 W)]
=Eq {V, ., 108 q(zn,0k) 108 o s(2, 2, W) —log q(zne)] } -

where p, s 1 (x, 2, W) = terms in the joint containing z, ¢ (its Markov
blanket).

m Markov blanket terms:

log proi(x, 2, W) =logp(znek | Zne+1, We k) +Hlog p(zne—1 | Zne, We—1).

Draw from g. Monte Carlo estimate of V , L(q).

Can parallelize n=1,...,N.
Gradients of ¢ (for W) are similar.
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BBVI Algorithm

Algorithm 1 BBVI for DEFs

Input: data X, model p, L layers.
Initialize )\, ¢ randomly, ¢t = 1.
repeat
Sample a datapoint =
fors=1to .S do

2 [s], W[s] ~ ¢q

pls] = log p(za[s], W]s|, z)

q[s] = log q(z.[s], W(s])

gls] = Vlog q(z,[s], Ws])
end for

Compute gradient using BBVI
Update variational parameters for z and W
until change in validation likelihood is small

m Gradient = average g[s] for s =1,...,5.
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Example: sparse gamma DEF

m Gamma distributed layers.

p(zla, B) = =" explalog(z) — Bz — log I(a) — alog ).

m Link functions

Ga = Oy,
Qy
21 Wek

m p(W) = Gamma distribution so zzﬂw(g,k > 0.

m oy and shape parameters of p(W) are set to be less than 1.

m Probability mass near 0 = sparse gamma.
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Example: Poisson DEF

p(zln) = 2" exp(nz — exp(n))
with mean exp(n).

m Poisson DEF = Poisson latent + log-link function.

P(zex | zer1, weg) = () ' exp(log(z)we k) 20k — 241 Wek)-

m So, the mean of 2y is z2+1wg7k.
m p(W) a factorized gamma distribution.
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Experiment: text modelling

Datasets: The New York Times (NYT), and Science.

Multinomial likelihood: p(count of w | latent).

All methods see 10% of the words in each doc. 90% held-out.

m
m

m 3 cases for latent: Poisson, gamma and Bernoulli.
[

m Perplexity on a held out set of 1000 documents.

exp <— Y dedocs 2weq log p(w | #held out words in d)>
Nheld out words

Lower is better.
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Text modelling results

Model DEF W | NYT | Science
LDA [6] 2717 1711
DocNADE [19] 2496 1725
Sparse Gamma 100 [} 2525 1652
Sparse Gamma 100-30 r 2303 1539
Sparse Gamma 100-30-15 r 2251 1542
Sigmoid 100 [} 2343 1633
Sigmoid 100-30 N 2653 1665
Sigmoid 100-30-15 N 2507 1653
Poisson 100 [} 2590 | 1620
Poisson 100-30 N 2423 | 1560
Poisson 100-30-15 N 2416 | 1576
Poisson log-link 100-30 r 2288 1523
Poisson log-link 100-30-15 r 2366 1545

m 100-30-15 indicates sizes of the layers.

m DEFs outperform the baselines (LDA and DocNADE).

m Deeper layers help.
m Sigmoid DEFs difficult to train.

11/13



Experiment: matrix factorization

m Consider user-item matrices containing ratings.

c cT

(T, | zn,lﬂz;l) = Poisson(zmlz;"’l),

z$ 1 = hidden representation of user n.

E
m 2!, = hidden representation of item i.
m Put hierarchies on both z¢ and 2".

m Datasets:

1 Netflix movie ratings. 50K users. 17.7K movies.
2 ArXiv click data.

m Viewers X papers matrix containing click counts.
m 18K users. 20K docs.
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Matrix factorization results

Model Netflix Perplexity | Netflix NDCG | ArXiv Perplexity | ArXiv NDCG
Gaussian MF [32] - 0.008 - 0.013
1 layer Double DEF 2319 0.031 2138 0.049
2 layer Double DEF 2299 0.022 1893 0.050
3 layer Double DEF 2296 0.037 1940 0.053
1tems m Layer sizes: 100-30-15.
tr te m Report perpexity on the test set as before.
m 1000 users in the test set.
m Claim: deeper is better (sort of).
users te tr m Gaussian MF = /5-regularized Gaussian
matrix factorization.
m NDCG = multi-level ranking measure.
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All DEFs in the paper

z-Dist Zy41 W-dist Wy k ge E[T(Z[,k)]
Gamma R Gamma | RE“*" | [constant; inverse] [z Wers U(oe) — log(a) + log(z)  we k)]
Bernoulli | {0, 1}/ | Normal | R+ identity oz Wer)
Poisson N¥etr | Gamma | RE® log 2 Wik
Poisson NEKen Normal | RKe log-softmax log(1 + exp(z/,; We k)

Table 1: A summary of all the DEFs we present in terms of their layer distributions, weight distributions, and link functions.

m Focus on document (bag of words) modelling .
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