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Problem domain: linear regression model, highD

Observation:
vi=xI0"+w; (i=1,...,n) < y=X0"+w.

Basic assumptions:
o Given input-output: x; € R", y; e R; X = [xz—; o ;xﬂ.
@ Observation noise: w; ~ N(0,0?), i.i.d.
@ Fixed, unknown parameter of interest: 8* € RP.

@ High-dimensional setting: n < p.
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Previous methods

@ (Structured) sparse, low-rank solvers: iterative methods, no
analytical formula.
@ Examples:
@ Lasso (¢1-regularized least squares):

.1 2
min —— [ly = X6, + A, 6],

o Dantzig estimator (linear program):

161l -

min
OcRP:L||XT (X0 — <A
ERP:|IXT( oo <An
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° OLS (n>p): 6 =(XTX)"1(XTy).
@ Ridge solution (e > 0):

6 = (XTX 4 el)"IXTy = argmin |ly — X8||5 + €| 0]l5.
OcRP

o ldea:

@ Task: highD linear regression with structural constraints.
o Suggested solvers: Dantzig-type estimators (structured).

@ Result: analytical solution + theoretical guarantees.
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Suggested techniques: Elem-OLS, Elem-Ridge

@ R: regularizer 'compatible’ with our structural constraint.

* T
® R*(u) = supgere\ {0} E(—g) = SUPgcre:R(9)<1 (0, u): dual norm.
o Elem-solvers:

min R(0),
OcRP:R*(6—0) <\,
where
_ XTX\1 ' X7y - B
OoLs = |:Tu ( - >:| T, ORIDGE = (XTX + El) IXTy,

Aii +v =

Diagonal dominizer with v: T,(A) =< . 7
sign(Aj)(|Ayl —v) i #J.
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Structural constraint: subspace pair (M, M*)

@ True parameter 8* € M C M.
@ M: model subspace, typically low-dimensional.
@ ML perturbation subspace, perturbations from M.

@ Examples (details soon):

@ sparse/structured-sparse vectors (M = M),
o low-rank matrices.
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Decomposable regularizer: R

® R is decomposable w.r.t. (M, M™1) if
R(u+v) = R(u) + R(v), Yue M,ve M

o Meaning:
@ Foranorm R: l.his. < r.hs.
@ u+ v: perturbation of the model vector u from M.
o Decomposable R:

@ penalizes deviations as much as possible,
@ lLh.s.=r.hs.
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Example-1: 8* € RP is sparse (or group-sparse)

o S=supp(6*) C{1,...,p}.

@ M=M(S):={0 €RP:supp(f) C S}

o M =M M! = {6 cRP:supp(h) C S°}.

o R(6) = ||0||; is decomposable w.r.t. (M, M*):

u= (uS,Osc) S M, vV = (05,V5c) € MJ‘,
[u+vll; = I[[(us,0s)[l; + [I(0s, vse)ll; = [lully + v -
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Example-2: ®* € RP*P2 is low-rank

@ Nuclear norm:
18l = lle(®)l,-
@ Subspace pair: ©* = U = col(©®*), V = row(©*),

M(U, V) :={0 e RP"*P2 : col(®) C U, row(®) C V},
ME(U, V) = {® c RP*P2 ; c0l(®) C Ut, row(®) C V*1.
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Example-2: continued

o M C M:
M>A=UDV/=U CUV,CV
Mt 5B =UyDV] = Uy C ULV, C VvV
A'B =V;D/U/U,D,V] =V;D/0D,V] =0 =
— 1 -
(A,B) = tr (ATB) —0=MC (ML> = M.

o Any (A,B) € (M, M) have orthogonal row and column
spaces = [|A + BJ[, = [|A]l, +[B]..
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Dual norm: R*

Gi, ..., Gy: partition of {1,...,p}.

R(6) =6l R*(6) = (16| -
N

R(6) = Z 106,11, » (h/la — norm, a, € [2,¢])
n=1

R*(@) = max |0 (Iso/lax — norm l—|—l—1)

_nzlf.).(,N Gnllag - oo/ far © Ya,  an

R(©) = (O], = lo(®)l;, R*(©) = [|o(0)] -
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Analytical solution: (group-)sparse example

Regularizers:

N
R(0) = H0”17 R(O)ZZHOGnHa,,'
n=1
Coordinate/group-decomposable tasks (< constraint: ||-||.);

explicit solutions:
6=S,,(0),
[Sa(u)]i = sign(u;) max(|ui| — A,0), (soft-thresholding)

[Sx(u)], = ||uuTG|| max(|lugl, — A.0), (block soft-thresholding).
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+Def: subspace compatibility constant (W), projection

@ It measures the relation between R and ||-|,:

R
V(M) := sup ﬂ
uenny (o} llull
Example (sparse): [|0%]|; = k — M — V(M) = Vk.
@ Projection to a subspace S:

Ms(u) := argmin |ju — v||,.
veSs
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Theoretical guarantee: deterministic bound

If
® R is decomposable w.r.t. (M, M1), 6* € M,
o\, > R*(6* - 0),
then the elem-estimators (é) satisfy the error bounds
R*(6 — 6%) < A,
Hé 07|, < 4w,

R(O — 6*) < 8[W(M)]?A,..

Note: for Elem-OLS A\, can be chosen “better”.
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Proof: error bound in R*

Proof:
A:=0- 6%,
R*(6 — 6) <\, (feasibility of 8),
R*(6 —0*) < X\, (our assumption),
i - (i) o _ (iii)
R(A)LRG 6160 < RO —8)+ R(@—6) < 2\,

Reasoning: (i) 48, (ii) triangle ineq. for R*, (iii) see above.
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Proof: error bound in |||,

Notation: (S,S¢) := (M, M1), As :=Ms(A).

R(6*) L R(6") + R(Ase) — R(Ase) Y R(O" + Ase) — R(Ase)
(i)
(i)

Y R(6* + A) + R(As) — R(Ase).

Reasoning: (i) =R(Asc), (ii) R decomposable, 8* € M, (iii)
reverse triangle ineq. for R, (iv) Asc + Ag ZA (M = M: OK).
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Proof: error bound in ||-||, — continued

RO+ 0) 2RO C RO W 0< R(AS) - R(AS),

JAZ = (a,a) € FIR() Y R*(A)R(As) + R(As.)]

(vm

(vi)
< 2R*(A)R(As) < 4V(S)An [|Asll, =
[Asly < 4W(S)An.

Reasoning: (i) A definition, (i) objective function of 8, (iii)
combination with the previous result, (iv) generalized CBS, (v)
triangle ineq. for R with A L As+ Ase, (vi) end of first row,
(vii) R*(A) < 2\, bound; W def. = R(As) < W(S) || Asll,, (viii)
|Asll, < [|A]l,: proj. is non-expansive.
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Proof: error bound in R

R(A) 2 R(As) 1 R(As:) < 2R(As) © 20(S) | Asl,

(igv) 8[W(S)2\,..

Reasoning: (i) triangle ineq. for R with A L As + Age, (ii)
previous R(Asc) < R(As) bound, (iii) W def.

= R(As) < W(S) || Asll, (iv) previous | Asll, < 4U(S)A,
bound.
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Numerical experiments

@ Elem-OLS is
o superior to Elem-ridge, especially in highD (n < p),
o comparable/superior to alternative (iterative) solvers.
@ Gene expression analysis: Elem-OLS

o beats Lasso (cross-validated performance),
s finds a biologically motivated gene (not selected by Lasso).
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@ Task: highD linear regression with structural constraint.
@ Proposed technique:

@ closed-form solution,
@ theoretical guarantees.

@ Nice numerical properties.
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Thank you for the attention!
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